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a b s t r a c t
In this paper, the multi-symplectic Fourier pseudospectral (MSFP) method is generalized
to solve two-dimensional Hamiltonian PDEs with periodic boundary conditions. Using
the Fourier pseudospectral method in the space of the two-dimensional Hamiltonian PDE
(2D-HPDE), the semi-discrete system obtained is proved to have semi-discrete multi-
symplectic conservation laws and a global symplecticity conservation law. Then, the
implicit midpoint rule is employed for time integration to obtain the MSFP method for
the 2D-HPDE. The fully discrete multi-symplectic conservation laws are also obtained. In
addition, the proposed method is applied to solve the Zakharov–Kuznetsov (ZK) equation
and theKadomtsev–Petviashvili (KP) equation. Numerical experiments on soliton solutions
of the ZK equation and the KP equation show the high accuracy and effectiveness of the
proposed method.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
It is well known that a large class of PDEs can be written as a Hamiltonian PDE
Mzt + Kzx = ∇zS(z), (1)
where z(x, t) ∈ Rn (n ≥ 3),M and K are skew-symmetric matrices, and S(z) is a smooth Hamiltonian function. These PDEs
include the KdV equation [1], nonlinear Schrödinger equation [2–4], Zakharov system [5], Camassa–Holmequation [6,7], and
so on. The most important intrinsic property of the Hamiltonian PDE (1) is that it satisfies a multi-symplectic conservation
law [8,9]. So it is natural to require a discretization or semi-discretization to preserve this conservation law.
Multi-symplecticmethods, which can preserve themulti-symplectic conservation lawunder appropriate discretizations,
have been paid a lot of attention in recent years [10–15]. Bridges and Reich in [8] proposed a multi-symplectic Preissman
scheme for Eq. (1) by using the implicit midpoint rule in both space and time directions. Reich in [9] proposed a multi-
symplectic Runge–Kutta collocation method for the Hamiltonian wave equations. In [16], Bridges and Reich developed
multi-symplectic spectral discretizations on Fourier space for the ZK and shallow water equations. Inspired by the multi-
symplectic spectral method, Chen and Qin proposed a multi-symplectic Fourier pseudospectral (MSFP) method for solving
the nonlinear Schrödinger equation in real space [17]. In [18], Moore and Reich proposed an explicit Euler box scheme for
the Hamiltonian PDEs. Recently, effective multi-symplectic splitting methods were proposed [19,20,3].
The MSFP method is one of the most popular multi-symplectic methods, and has good conservation properties and high
accuracy in space. Unlike the multi-symplectic spectral method on Fourier space, the MSFP method is on real space and
does not need the passage between Fourier space and physical space. So it is cost-effective as regards computations. As
far as we know, the MSFP method has seldom been applied for solving high dimensional PDEs. The only work is that of
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Chen and Liu in [21], where they developed such a method for the 3 + 1-dimensional Klein–Gordon equation, but they
did not present numerical experiments. And the MSFP method has not been applied to solve two-dimensional Hamiltonian
PDEs with periodic boundary conditions. For these reasons, this paper is devoted to generalizing the MSFP method to solve
the two-dimensional Hamiltonian PDEs, including the ZK equation and the KP equation. In addition, some corresponding
numerical experiments are presented to see whether the MSFP method works well for two-dimensional Hamiltonian PDEs.
The rest of this paper is organized as follows. In Section 2, the MSFP method for the two-dimensional Hamiltonian
PDE (2D-HPDE) is constructed. In Sections 3 and 4, the proposed MSFP method is applied to the ZK equation and the KP
equation respectively. Numerical experiments on the propagation and collision of soliton solutions of the ZK equation and
the KP equation are presented in Section 5, and show the effectiveness and high accuracy of the proposed method. Finally,
conclusions are drawn in Section 6.
2. The multi-symplectic Fourier pseudospectral method for solving the 2D-HPDE
In this section, we consider the MSFP method for solving the 2D-HPDE
Mzt + Kzx + Lzy = ∇zS(z) (2)
with periodic boundary conditions
z(xL, y, t) = z(xR, y, t), z(x, yL, t) = z(x, yR, t), (3)
where z(x, y, t) ∈ Rn (n ≥ 3),M, K and L are skew-symmetricmatrices, S(z) is a smoothHamiltonian function, and xL, xR, yL
and yR are constants. Eq. (2) satisfies the multi-symplectic conservation law
ωt + κx + τy = 0, (4)
whereω = 12dz∧Mdz, κ = 12dz∧Kdz and τ = 12dz∧ Ldz are pre-symplectic forms and dz satisfies the first-variation form
of Eq. (2) [8].
The crucial step of the Fourier pseudospectral method is to approximate the partial differential operators. From [17], we
know that the first-order partial differential operator ∂x yields the Fourier spectral differential matrixD1. HereD1 is anN×N
skew-symmetric matrix with elements
(D1)j,s =

1
2
(−1)j+sµ cot

µ
xj − xs
2

, s ≠ j,
0, s = j,
for j, s = 1, 2, . . . ,N,
whereµ = 2πL , L is the length of the space interval and the even integer N is the number of the equal subintervals. For more
details, see [17,22] and references therein.
Now, we generalize theMSFPmethod to the 2D-HPDE (2) with periodic boundary conditions (3). Dividing the computing
domain [xL, xR] × [yL, yR] into Nx × Ny equal cells, we set
Z = [z1,1, z2,1, . . . , zNx,1, z1,2, z2,2, . . . , zNx,2, . . . , z1,Ny , z2,Ny , . . . , zNx,Ny ]T,
where zi,j is the approximation to z(xi, yj, t),Nx and Ny are both even integers. Then we can get that A1Z and A2Z are the
Fourier pseudospectral discretizations of zx and zy respectively. Here A1 = Dx1⊗ INy , A2 = INx⊗Dy1,Dx1 and Dy1 are the Nx×Nx
and Ny×Ny first-order Fourier spectral differentiationmatrices and INx and INy are the Nx×Nx and Ny×Ny identity matrices
respectively.⊗means the Kronecker inner product.
Therefore, using the Fourier pseudospectral method in the space direction of Eq. (2), we can get a semi-discrete system
M
d
dt
zk,l +
Nx−
j=1
(Dx1)k,jKzj,l +
Ny−
j=1
(Dy1)l,jLzk,j = ∇zS(zk,l), k = 1, 2, . . . ,Nx, l = 1, 2, . . . ,Ny. (5)
Theorem 1. The Fourier pseudospectral semi-discretization (5) has Nx × Ny semi-discrete multi-symplectic conservation laws
d
dt
ωk,l +
Nx−
j=1
(Dx1)k,jκj,l +
Ny−
j=1
(Dy1)l,jτk,j = 0, (6)
whereωk,l = 12dzk,l∧Mdzk,l, κj,l = 12 (dzk,l∧Kdzj,l+dzj,l∧Kdzk,l), τk,j = 12 (dzk,l∧Ldzk,j+dzk,j∧Ldzk,l), k = 1, 2, . . . ,Nx, l =
1, 2, . . . ,Ny.
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Proof. The corresponding variational equation of (5) is
M
d
dt
dzk,l +
Nx−
j=1
(Dx1)k,jKdzj,l +
Ny−
j=1
(Dy1)l,jLdzk,j = Szz(zk,l)dzk,l. (7)
Taking the wedge product with dzk,l on both sides of (7), we obtain
d
dt
ωk,l +
Nx−
j=1
(Dx1)k,jκj,l +
Ny−
j=1
(Dy1)l,jτk,j = dzk,l ∧ Szz(zk,l)dzk,l. (8)
Noticing that Szz(zk,l) is a skew-symmetric matrix, we arrive at the Nx × Ny semi-discrete multi-symplectic conservation
laws (6). 
Since Dx1 and D
y
1 are skew-symmetric, we can sum (6) and obtain the global symplecticity conservation law
d
dt
Nx−
k=1
Ny−
l=1
ωk,l = 0. (9)
Therefore,we should choose a symplectic integration in the timedirection of (5) in order to preserve the global symplecticity.
Here we apply the implicit midpoint rule and get the MSFP scheme for the 2D-HPDE (2)
M
zn+1k,l − znk,l
1t
+
Nx−
j=1
(Dx1)k,jKz
1/2
j,l +
Ny−
j=1
(Dy1)l,jLz
1/2
k,j = ∇zS(z1/2k,l ), (10)
where znk,l is the approximation to z(xk, yl, tn), z
1/2
k,l = 12 (zn+1k,l + znk,l) and1t is the time step.
Theorem 2. The MSFP scheme (10) has Nx × Ny fully discrete multi-symplectic conservation laws
ωn+1k,l − ωnk,l
1t
+
Nx−
j=1
(Dx1)k,jκ
1/2
j,l +
Ny−
j=1
(Dy1)l,jτ
1/2
k,j = 0, (11)
where ωnk,l = 12dznk,l ∧ Mdznk,l, κ1/2j,l = 12 (dz1/2k,l ∧ Kdz1/2j,l + dz1/2j,l ∧ Kdz1/2k,l ), τ 1/2k,j = 12 (dz1/2k,l ∧ Ldz1/2k,j + dz1/2k,j ∧ Ldz1/2k,l ), k =
1, 2, . . . ,Nx, l = 1, 2, . . . ,Ny.
Proof. The corresponding variational equation of (10) is
M
dzn+1k,l − dznk,l
1t
+
Nx−
j=1
(Dx1)k,jKdz
1/2
j,l +
Ny−
j=1
(Dy1)l,jLdz
1/2
k,j = Szz(z1/2k,l )dz1/2k,l . (12)
Taking the wedge product with dz1/2k,l on both sides of (12) and noticing that
dz1/2k,l ∧M
dzn+1k,l − dznk,l
1t
= ω
n+1
k,l − ωnk,l
1t
,
we can obtain
ωn+1k,l − ωnk,l
1t
+
Nx−
j=1
(Dx1)k,jκ
1/2
j,l +
Ny−
j=1
(Dy1)l,jτ
1/2
k,j = dz1/2k,l ∧ Szz(z1/2k,l )dz1/2k,l . (13)
Since Szz(z
1/2
k,l ) is a skew-symmetric matrix, we get the Nx × Ny fully discrete multi-symplectic conservation laws (11). 
In the next two sections, the proposed MSFP method for the 2D-HPDE is applied to solve the ZK equation and the KP
equation respectively.
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3. The multi-symplectic Fourier pseudospectral method for solving the Zakharov–Kuznetsov equation
In this section, we consider the MSFP method for solving the two-dimensional Zakharov–Kuznetsov equation
ut + (f (u))x + uxxx + uxyy = 0, f (u) = 3u2. (14)
From [16] we know that this equation can be cast as a 2D-HPDE (2) with
z = [p, u, q, φ, v,w]T, S(z) = up− 1
2
(v2 + w2)− F(u), F ′(u) = f (u),
M =
[
0 M0
−MT0 0
]
, K =
[
0 K0
−K T0 0
]
, L =
[
0 L0
−LT0 0
]
,
where
M0 =
 0 0 0
1/2 0 0
0 0 0

, K0 =
1 0 0
0 1 0
0 0 1

, L0 =
0 0 0
0 0 1
0 −1 0

.
The corresponding multi-symplectic conservation law for the ZK equation (14) is given by
ω = 1
2
du ∧ dφ, κ = dp ∧ dφ + du ∧ dv + dq ∧ dw, τ = du ∧ dw + dv ∧ dq.
The 2D-HPDE for the ZK equation (14) can be written as
φx = u,
1
2
φt + vx + wy = p− f (u),
wx − vy = 0,
1
2
ut + px = 0,
ux − qy = v,
qx + uy = w.
(15)
Applying the Fourier pseudospectral method for spatial discretization of (15), we obtain the semi-discrete system
(A1Φ)(l−1)Nx+k = uk,l,
1
2
dφk,l
dt
+ (A1V )(l−1)Nx+k + (A2W )(l−1)Nx+k = pk,l − f (uk,l),
(A1W )(l−1)Nx+k − (A2V )(l−1)Nx+k = 0,
1
2
duk,l
dt
+ (A1P)(l−1)Nx+k = 0,
(A1U)(l−1)Nx+k − (A2Q )(l−1)Nx+k = vk,l,
(A1Q )(l−1)Nx+k + (A2U)(l−1)Nx+k = wk,l,
(16)
where A1 and A2 are defined in Section 2, and
U = [u1,1, u2,1, . . . , uNx,1, u1,2, u2,2, . . . , uNx,2, . . . , u1,Ny , u2,Ny , . . . , uNx,Ny ]T,
Φ = [φ1,1, φ2,1, . . . , φNx,1, φ1,2, φ2,2, . . . , φNx,2, . . . , φ1,Nx , φ2,Ny , . . . , φNx,Ny ]T, etc.
Integrating the system (16) in time by the implicit midpoint rule, we arrive at the MSFP scheme for the ZK equation (14)
(A1Φ1/2)(l−1)Nx+k = u1/2k,l ,
1
2
φn+1k,l − φnk,l
1t
+ (A1V 1/2)(l−1)Nx+k + (A2W 1/2)(l−1)Nx+k = p1/2k,l − f (u1/2k,l ),
(A1W 1/2)(l−1)Nx+k − (A2V 1/2)(l−1)Nx+k = 0,
1
2
un+1k,l − unk,l
1t
+ (A1P1/2)(l−1)Nx+k = 0,
(A1U1/2)(l−1)Nx+k − (A2Q 1/2)(l−1)Nx+k = v1/2k,l ,
(A1Q 1/2)(l−1)Nx+k + (A2U1/2)(l−1)Nx+k = w1/2k,l ,
(17)
where u1/2k,l = 12 (un+1k,l + unk,l), U1/2 = 12 (Un+1 + Un), etc.
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The scheme (17) can be written in a compact form:
A1Φ1/2 = U1/2,
1
2
DtΦn + A1V 1/2 + A2W 1/2 = P1/2 − f(U1/2),
A1W 1/2 − A2V 1/2 = 0,
1
2
DtUn + A1P1/2 = 0,
A1U1/2 − A2Q 1/2 = V 1/2,
A1Q 1/2 + A2U1/2 = W 1/2,
(18)
where Dt is the finite difference operator which satisfies DtUn = Un+1−Un1t , f(U1/2) = [f (u1/21,1 ), f (u1/22,1 ), . . . , f (u1/2Nx,2), . . . ,
f (u1/21,Ny), f (u
1/2
2,Ny), . . . , f (u
1/2
Nx,Ny)]T. Assuming that Nx = Ny, we notice that A1A2 = A2A1. Therefore, we can eliminate the
auxiliary variables p, q, φ, v,w to obtain the equivalent scheme for (18)
DtU1/2 + (A31 + A1A22)AtU1/2 = −A1At f(U1/2), (19)
where At is the average operator which satisfies AtUn = Un+1+Un2 .
As the equations φx = u, wx − vy = 0, ux − qy = v and qx + uy = w in (15) contain no time derivatives, we can omit
the average operator At to get more accurate discretizations in (18) [23], namely
A1Φn = Un, A1W n − A2V n = 0, A1Un − A2Q n = V n, A1Q n + A2Un = W n.
Then we can get a corresponding two-time-level scheme for the ZK equation:
DtUn + (A31 + A1A22)U1/2 = −A1f(U1/2). (20)
In the numerical experiments, we can use the scheme (20) to get the initial values for the second time level of the
scheme (19).
4. The multi-symplectic Fourier pseudospectral method for solving the Kadomtsev–Petviashvili equation
In this section, we consider the MSFP method for solving the KP equation
(ut + (f (u))x + uxxx)x + σuyy = 0, (21)
where f (u) = 3u2 and σ is a constant. In the case of σ = −3, (21) is usually called the KPI equation, whereas for σ = +3,
it is called the KPII equation.
From [24], we notice that the Eq. (21) can be cast as a 2D-HPDE (2) with
z = [φ, v, u, w, p, q, ψ, e, g, h]T, S(z) = up+ 1
2
h2 + σ
2
w2 + u3 − qv − ψu− gp− ew,
M =
[
0 M0
−MT0 0
]
, K =
[
0 K0
−K T0 0
]
, L =
[
0 L0
−LT0 0
]
.
Here,
M0 =

0 0 0 0 0
0 0 0 1/2 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
 , K0 =

1 0 0 0 0
0 1 0 0 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
 , L0 =

0 0 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
 .
The corresponding multi-symplectic conservation law for the KP equation (21) is given by
ω = 1
2
dv ∧ dg, κ = dφ ∧ dq+ dv ∧ dψ + du ∧ dh, τ = dv ∧ de.
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In addition, the 2D-HPDE for the KP equation (21) can be written as
qx = 0,
1
2
gt + ψx + ey = −q,
hx = p+ 3u2 − ψ,
σw − e = 0,
u− g = 0,
φx = v,
vx = u,
vy = w,
1
2
vt = p,
ux = −h.
(22)
Similarly with the ZK equation in Section 3, applying the Fourier pseudospectral method in space and the implicit midpoint
rule in the time direction of (22), we obtain a MSFP scheme for the KP equation (21):
A1Q 1/2 = 0,
1
2
DtGn + A1Ψ 1/2 + A2E1/2 = −Q 1/2,
A1H1/2 = P1/2 + 3(U1/2)2 − Ψ 1/2,
σW 1/2 − E1/2 = 0,
U1/2 − G1/2 = 0,
A1Φ1/2 = V 1/2,
A1V 1/2 = U1/2,
A2V 1/2 = W 1/2,
1
2
DtV n = P1/2,
A1U1/2 = −H1/2.
(23)
Noticing that when Nx = Ny the equation A1A2 = A2A1 is satisfied, we can eliminate the auxiliary variables
φ,ψ, q, v, w, e, g, h to obtain the equivalent scheme of (23):
A1DtU1/2 + A41AtU1/2 + σA22AtU1/2 + 3A21At(U1/2)2 = 0. (24)
Since the equations in (22) contain no time derivatives except the equations 12gt + ψx + ey = −q and 12vt = p, we can
eliminate the average operator At of the corresponding equations to get more accurate discretizations in (23). Then we can
obtain a corresponding two-time-level scheme for the KP equation:
A1DtUn + A41U1/2 + σA22U1/2 + 3A21(U1/2)2 = 0. (25)
Like for the ZK equation, we can use the scheme (25) to get the initial values for the second time level of the scheme (24)
in the numerical experiments.
5. Numerical experiments
In this section, we present some numerical examples to show the accuracy and effectiveness of the proposed method
(19) and (24). For the sake of comparison, we adopt those examples provided in [25], which are integrated by the local
discontinuous Galerkin method therein. As we know, local discontinuous Galerkin method is one of the most popular
numerical methods for solving PDEs. Many experiments have illustrated its effectiveness [26–30]. In this paper, we use
the simple fixed-point iteration method to solve the schemes (19) and (24) at every time step.
5.1. The ZK equation
Example 5.1. The steady progressive wave solution of the ZK equation
ut + uux + ε(uxxx + uxyy) = 0 (26)
is of the form [31]
u(x, y, t) = 3c sech2

0.5

c
ε
((x− ct − x0) cos θ + y sin θ)

, (27)
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Fig. 1. The propagation of a single line-soliton of the ZK equation (26)with the initial condition (28), using 80×80 uniform cells and time step1t = 0.001.
Table 1
The accuracy test of the ZK equation (26) with solution (27) in the space direction, c = 0.01, ε = 0.01, θ = 0, x0 = 20 and periodic boundary conditions
in [0, 40] × [0, 40] at time t = 1 (1t = 0.0001).
Nx × Ny L2 error Order L∞ error Order
10× 10 1.47E−03 – 7.28E−05 –
20× 20 5.71E−04 1.37 3.09E−05 1.23
40× 40 2.34E−05 4.61 1.48E−06 4.38
80× 80 1.39E−07 7.40 1.19E−08 6.96
Table 2
Coefficients for the solitary solution (31) of the ZK equation (14).
n 1 2 3 4 5 6 7 8 9 10
a2n −1.25529873 0.21722635 0.06452543 0.00540862 −0.00332515 −0.00281281 −0.00138352 −0.00070289 −0.00020451 −0.00003053
where θ is an inclined angle with respect to the x-axis, and ε and c are constants. We can see the high accuracy in the space
direction of the MSFP method for solving the ZK equation (26) with solution (27) in Table 1.
Example 5.2. We show the propagation and collision of line-solitons of the ZK equation (26) in this example. The case of
the propagation of a single line-soliton has the initial condition
u(x, y, 0) = 3c sech2

0.5

c
ε
((x− x0) cos θ + (y− y0) sin θ)

, (28)
where c = 1, ε = 0.01, θ = 0, x0 = 2.5, y0 = 4. The case of the collision of double line-solitons has the initial condition
u(x, y, 0) =
2−
j=1
3cj sech2

0.5

cj
ε
((x− xj) cos θ + (y− yj) sin θ)

, (29)
where c1 = 0.45, c2 = 0.25, ε = 0.01, θ = 0, x1 = 2.5, y1 = 0, x2 = 3.3, y2 = 0. The numerical results
with periodic boundary conditions in [0, 8] × [0, 8] are shown in Figs. 1 and 2. From the results, we can see that the
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Fig. 2. The collision of two line-solitons of the ZK equation (26) with the initial condition (29), using 80× 80 uniform cells and time step1t = 0.001.
single line-soliton transmits unchanged in the sense of shape and velocity, which is consistent with the exact solution
(28). And the collision of double line-solitons is elastic. After collision, the two line-solitons separate from each other
and their original shape is restored. These results are similar to those obtained by the discontinuous Galerkin method in
[25].
Example 5.3. The ZK equation (14) has a cylindrically symmetric solitary solution [31,32]
u(x, y, t) = c
3
10−
n=1
a2n

cos

2n arccot
√
c
2
r

− 1

, (30)
where c is the velocity of the solitary wave solution and r = (x− ct)2 + y2. The coefficients are collected in Table 2. In
this example, we show the evolutions and interactions of such solitary solutions. The numerical results for the evolution of
a single pulse are shown in Fig. 3 with the initial condition
u(x, y, 0) = c
3
10−
n=1
a2n

cos

2n arccot
√
c
2
r0

− 1

, (31)
where c = 4, r0 =

(x− x0)2 + (y− y0)2, x0 = 10, y0 = 16. We can see that the pulse transmits with velocity c = 4 and
without any change in the sense of shape.
Next, we show the results for the collision of two pulses with the initial condition
u(x, y, 0) =
2−
j=1
cj
3
10−
n=1
a2n

cos

2n arccot
√
cj
2
rj

− 1

, (32)
where c1 and c2 are velocities of solitary wave solutions and r1 =

(x− x1)2 + (y− y1)2, r2 =

(x− x2)2 + (y− y2)2.
The collisions of two similar pulses are shown in Figs. 4 and 5 with c1 = 4.4 and c2 = 4. Before collision, the
velocities of the solitons are preserved better than those obtained in [25]. It is obvious that the two pulses exchanged
their amplitudes without merging with each other when collisions happened. This interesting result is consistent with
that in [31]. The collisions of two dissimilar pulses are shown in Figs. 6 and 7 with c1 = 4 and c2 = 1. These
two figures illustrate that the strong pulse destroys the weak one and generates ripples. The strong pulse seems to
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Fig. 3. Evolution of one single pulse solution of the ZK equation (14) with the initial condition (28), using periodic boundary conditions in [0, 32]× [0, 32]
and 80× 80 uniform cells (1t = 0.001).
recover its cylindrical symmetry after the collision and to propagate stably. The results are similar to that obtained in
[31,25].
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Fig. 4. Solution for the direct collision of two similar pulses of the ZK equation (14)with the initial condition (29),where x1 = 6, y1 = 16, x2 = 16, y2 = 16,
using periodic boundary conditions in [0, 32] × [0, 32] and 80× 80 uniform cells (1t = 0.001).
5.2. The KP equation
In this subsection, we take the numerical experiments for the KPI equation as the representation of the KP equation.
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Fig. 5. Solution for the deviated collision of two similar pulses of the ZK equation (14) with the initial condition (29), where x1 = 6, y1 = 14, x2 =
16, y2 = 16, using periodic boundary conditions in [0, 32] × [0, 32] and 80× 80 uniform cells (1t = 0.001).
Example 5.4. The KP equation (21) has an exact solution
u(x, y, t) = 2k2sech2(k(x+ λy− (4k2 + σλ2)t − x0)), (33)
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Fig. 6. Solution for the direct collision of two dissimilar pulses of the ZK equation (14) with the initial condition (29), where x1 = 8, y1 = 16, x2 =
16, y2 = 16, using periodic boundary conditions in [0, 32] × [0, 32] and 80× 80 uniform cells (1t = 0.001).
where λ, k are constants. This kind of single line-soliton will propagate with the velocity 4k2 + σλ2 in the direction at an
angle of tan−1(−λ)−1 to the positive x-axis. We show an accuracy test of the solution (33) in Table 3, which illustrates the
high accuracy of the MSFP method.
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Fig. 7. Solution for the deviated collision of two dissimilar pulses of the ZK equation (14) with the initial condition (29), where x1 = 8, y1 = 14, x2 =
16, y2 = 16, using periodic boundary conditions in [0, 32] × [0, 32] and 80× 80 uniform cells (1t = 0.001).
Example 5.5. We show the propagation of one line-soliton of the KPI equation (21) with the initial condition
u(x, y, 0) = 2k2sech2(k(x+ λy− x0)), (34)
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Fig. 8. Propagation of a single line-soliton of the KPI equation (21) with the initial condition (34), using periodic boundary conditions in [0, 32] × [0, 32]
and 80× 80 uniform cells (1t = 0.001).
Fig. 9. Collision of two line-solitons of the KPI equation (21) with the initial condition (34), using periodic boundary conditions in [0, 32] × [0, 32] and
80× 80 uniform cells (1t = 0.001).
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Table 3
The accuracy test of the KPI equation (21) with solution (33) in the space direction, k = 0.5, λ = 0, x0 = 25 and periodic boundary conditions in
[0, 50] × [0, 50] at time t = 0.5 (1t = 0.00001).
Nx × Ny L2 error Order L∞ error Order
20× 20 9.39E−01 – 5.73E−02 –
40× 40 7.36E−02 3.67 4.98E−03 3.52
80× 80 3.25E−05 11.15 9.30E−07 12.39
160× 160 2.47E−07 7.04 8.32E−09 6.80
where k = 1, λ = 0, x0 = 10. The results are shown in Fig. 8. We can see that the single line-soliton transmits without any
change in the sense of shape and velocity.
Moreover, we show the collision of two line-solitons of the KPI equation with the initial condition
u(x, y, 0) = 2
2−
j=1
k2j sech
2(kj(x+ λjy− xj)), (35)
where k1 = 1, k2 = 0.6, λ1 = 0, λ2 = 0, x1 = 8, x2 = 14. From Fig. 9, we can see that the two line-solitons transmit well
before collision. After collision, the two line-solitons separate completely from each other and retain their original shapes.
6. Conclusions
In this paper, we propose a multi-symplectic Fourier pseudospectral method to solve the two-dimensional Hamiltonian
PDEs with periodic boundary conditions. Discretizing the two-dimensional Hamiltonian PDE in space by the Fourier
pseudospectral method and using the implicit midpoint rule in the time direction, we obtain the multi-symplectic Fourier
pseudospectral method for the two-dimensional Hamiltonian PDE. Then, we apply the proposed method to solve the ZK
equation and the KP equation. Numerical results show that the proposed method has high accuracy in the space direction
and simulates soliton solutions of the ZK equation and the KP equation very well.
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